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Abstract 
Siegrist, K.T., A.T. Amin and P.J. Slater, The optimal unicyclic graphs for pair-connected reliability, 
Discrete Applied Mathematics 41 (1993) 2355243. 
We consider the standard network reliability model in which each edge of a graph fails, independently 
of all others, with probability y = 1 - p (0 5 p 5 1). The pair-connected reliability of the graph is the 
expected number of pairs of vertices that remain connected after the edge failures, The optimal graphs 
for pair-connected reliability in the class of unicyclic graphs (connected (n. n) graphs) are completely 
characterized. The limiting behavior of the intervals of optimality are studied as n 3 _. 
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1. Introduction 
Let G be an undirected, connected (n, m) graph with vertex set V(G) and edge set 
E(G) (thus n= 1 V(G)1 and m= IE(G)l). I n a standard network reliability model, 
one considers a failure-prone graph in which the vertices of G represent sites or 
terminals and the edges represent components or communications links which fail, 
independently, with probability q= 1 -p (01~s 1). Within this basic model, a 
number of reliability measures have been studied. The most widely studied is the 
global or all-terminal reliability which is the probability that the graph remains 
connected after the edge failures (see [6] for a survey). A more recent measure, and 
the subject of this paper, is the pair-connected reliability or resilience which is the 
expected number of connected pairs of vertices which remain after the edge failures. 
This measure seems particularly appropriate for communication networks in which 
the goal is to maintain communications between sites for as many pairs as possible. 
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Basic results on algorithms and computational complexity for pair-connected 
reliability can be found in [l-3,5,7]. 
Of central importance is the problem of optimizing pair-connected reliability over 
the class VZ,,m of connected (n,m) graphs. This problem was first addressed in [3] 
where it was shown that if n I m I (y) - 2 then there does not exist a uniformly 
optimal graph (i.e., a graph in ‘I??~,, whose pair-connected reliability is at least as 
great as that of any other graph in B,, for all values of p). Note that the excluded 
values of m correspond to the extreme cases. If m = n - 1 then the graphs are trees 
on n vertices; it is shown in [2] that the star on n vertices is uniformly optimal within 
this class. On the other hand, if m 2 (y) - 1, then, up to isomorphism, there is only 
one connected (n,m) graph. The analysis in [3] actually shows that a graph which 
is optimal over gn,,, with respect to pair-connected reliability for values of p near 
0 and a graph which is optimal over 6’,, for values of p near 1 have quite different 
structures. In the first case, the graph must have a maximum number of paths on 
three vertices and hence must be highly irregular. In the second case the graph must 
have maximum edge connectivity and have as few pairs of vertices as possible 
disconnected by the minimal edge cutsets; these graphs are highly regular. 
In light of these results, an important problem is the identification of the graphs 
in g,, which are optimal with respect to pair-connected reliability for p in some 
subinterval of [0, l] and the computation of these intervals of optimality. This 
problem is likely to be very difficult in general; however, in this paper we obtain 
a complete solution when m = n, that is, for the class of unicyclic graphs. In addition 
we study the limiting behavior of the intervals of optimality as n --+ 03. The unicylic 
graphs correspond to the smallest value of m for which a uniformly optimal graph 
does not exist, and thus it may be reasonable to expect that results for this class of 
graphs will have analogues in the class EZ,,, where m>n. 
Incidentally, the existence of a uniformly optimal graph over E?,, with respect 
to global reliability was a long-standing conjecture of Boesch [4] which was recently 
disproved by Myrvold [8]. In fact, it is shown in [8] that there are infinitely many 
pairs (n,m) for which a uniformly optimal graph in KY,,, (with respect to global 
reliability) does not exist, and there are infinitely many pairs (n,m) for which a 
uniformly optimal graph in g,,, does exist. In particular, the cycle on n vertices is 
uniformly optimal with respect to global reliability in the class of unicyclic graphs. 
Unfortunately, the existence question for global reliability is not completely 
understood, however, since there are also infinitely many pairs (n, m) for which the 
answer is unknown. In any event, the identification of graphs in 6?,,, which are 
optimal in some subinterval of [0, l] and the computation of the intervals of op- 
timality is an important problem for this measure of reliability as well. 
2. Notation and definitions 
The failure-prone graph corresponding to a given graph G can be modeled as a 
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random subgraph of G as follows. Let C& denote the sample space of subgraphs 
H of G with V(H)= V(G) and E(H) c_!?(G), and let Pp denote the probability 
measure defined on Q6 by 
P,(H) = pkq’“- k where k = IE(H) /. 
Let Ep denote the corresponding expectation operator. 
We will need several random variables defined for the failure-prone graph G. For 
U, u E V(G), let I&u, u) denote the indicator variable that takes the value 1 if u and 
u are connected in the random subgraph of G and takes the value 0 otherwise. By 
convention, Z&U, U) = 1. Thus EPIIG(u, u)] is the probability that u and u are con- 
nected in the random subgraph of G. Let X, denote the number of pairs of vertices 
that remain connected in the random subgraph of G. Note that 
X, = c &+4u) 
(II, v) E V*(G) 
where V*(G) is the set of unordered pairs of (distinct) vertices in G, and therefore 
the pair-connected reliability of G is 
E,(&) = c E,[z,(U, u)]. (1) 
(u, U)G V’(G) 
For u E V(G), let Y,(U) denote the number of vertices other than u which are con- 
nected to u in the random subgraph of G. Then 
Yc@)= c IGo4 u), 
ocV(G)p{u} 
and therefore 
E,tY,(u)] = c E,[Ic(% u>l. 
UEV(G)-{U) 
(2) 
3. Series connections 
Before we identify the optimal unicyclic graphs, we will need a few basic results 
on series connections of graphs, which have some independent interest. 
Suppose that G, and G2 are graphs with u1 E V(G,) and U*E V(G,). Let 
S[G,, u,;G,, u2] denote the series join of G, and G2 obtained by identifying u1 and 
u2. If G = S[G,, 0,; G2, u2] then clearly, 
~p(~~)=~p(~~,)+~Ep(~~2)+~Ep[~,(~~)1~p[~~z(~~)1~ (3) 
In particular, suppose that G, = H is fixed and that G2 = T is a tree on k vertices. 
As noted earlier, for any value of p, E,(X,) is maximized over the class of trees 
on k vertices by taking T to be the star on k vertices. Moreover, it is clear that for 
any p, E,[Y,(u)] is maximized over the class of trees on k vertices by taking T to 
be the star on k vertices and u its center. It therefore follows from (3) that for fixed 
H, the pair-connected reliability of S [H, u; T, u] is maximized over the class of trees 
on k vertices by taking T to be the star on k vertices and u its center. 
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Now suppose that H, G,, Gz are graphs with ul, u2 E V(H) (u, and u2 may be 
the same), v, E V(Gt), and VIE V(G2). Let S[H,~,,U~;G~,V~;G*,U~] denote the 
series join obtained by identifying ui and v, and identifying u2 and v2. If G = 
S[H, ul, u2; Gt, ul; G,, v2] then it is simple to see that 
From(4)itfollowsthatifEP[YH(u,)]>EP[YH(u2)] thenS[H,ul,ul;G,,u,;G2,v2] 
is better in terms of pair-connected reliability than S[H, ul, 24,; Gi, vi; G,, u2] for 
that value ofp. Similarly, if E,[Y,(u,)] ?Ep[YH(~t)] then S[H, u2, u2; Gt, u,; G2, v2] 
is better in terms of pair-connected reliability than S[H, u,, u,; Gt, v,; G,, v2] for 
that value of p. This result generalizes in an obvious way from two series connec- 
tions to n series connections. 
The following theorem follows from these observations. 
Theorem 3.1. If G E E?,, is optimal in terms of pair-connected reliability over @CT,,, 
for some value of p, then all series connections in G must occur at a common point. 
Moreover, G can have at most one tree dangling off in a series connection, and this 
tree must be a star with its center at the connection point. 
4. The optimal unicyclic graphs 
The class E’,,. consists of the unicyclic graphs; each graph G in 6,,, has a single 
cycle with trees dangling off of it by series connections. It follows from Theorem 
3.1 that the only graphs in 6’,. which can possibly be optimal have the form of a 
star joined at its center to a cycle; we will call such graphs star-cycles. For n 2 3 and 
3 ~j~n, let G,j denote the star-cycle in K?,,, with a cycle of length j and a star 
with n -j endpoints. The main result of this section is summarized in the following 
theorem. The proof will be established through a series of lemmas. 
Theorem 4.1. For fixed n, each of the graphs G,j, 3 sjsn, is optimal over E?,,. 
for p in some subinterval of [0, 11. Moreover, asp increases from 0 to 1, the optimal 
graph switches successively from G,3 to G,, to ... to G,.. 
Let f,,j denote the pair-connected reliability function of G,j. Our first result 
gives an explicit formula for f,,j(p). The proof is a simple consequence of (l), (2), 
(3) and algebra. 
Lemma 4.2. For nr3, 3sjsn, and Osp<l, 
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+(n-j)p-(j- l)(n-j)pj+l. (5) 
Lemma 4.3. For n 2 4 and 3 5 j5 n - 1, the equation fn,j(p) = fn,j+ 1 (p) has a uni- 
que root pn,] in the interval (0, 1). The graph G,j is more reliable than Gn,j+, if 
O<p<p,,j while Gn,j+ 1 is more reliable than G,j if p,,] <p < 1. 
Proof. Let g,,j=fn,j_fn,j+1. Using (5) and factoring we have 
g,,,(p) =p2(l -p)h,,,(p) 
where 
h,,j(p)=(n-j)+(n-j+ l)p+ ... +(n-3)pjm3 
+[n-+(j*+j+4)]pj-*-j(n-j- l)pj-l. (6) 
Note that h,,j(O) =n-j>O and h,j(l)= -n+ 1 <O. Therefore h,,, and hence g,,j 
has a root in (0,l). On the other hand, note that the coefficients of h,j of order 
0 to j - 3 are positive; the coefficient of order j - 2 may be positive or negative; and 
the coefficient of order j - 1 is nonpositive. It follows from Descartes’ law of signs 
that the positive root p,,] of h,j is unique and that g,,j(p) >O for O<p<p,,j and 
gn,j(P)<O for Pn,j<P<l. 0 
Lemma 4.4. For fixed n, pn, i increases with j. 
Proof. Let n 2 5 and 3 5 j< n - 2. Using (6) and factoring and simplifying gives 
where 
h,,j(P)-h,,+l(P)=(l-P)u,j(P) 
u,,~(P)= 1 +2p+3p2+ ... +(j-2)pjm3 
-+(j*-j+2)pJm2-(j+ l)(n-j-2)pj-‘. 
Since U,,j(O) = 1 and U,j(l) = -j- (j+ l)(n -j- 2)<0, Un,j (and hence h,j - h,,j+l) 
has a root in (0, 1). The coefficients of Un,j of the terms of orders 0 to j - 3 are 
positive; the coefficient of the term of order j - 2 is negative; and the coefficient of 
the term of order j- 1 is nonpositive. By the law of signs, the root of Un,j in (0,l) 
is unique. We denote it by t,,j. Since the polynomials h,j and hn,j+ I start out 
positive and have (at most) one change of direction, to show that Pn,j<Pn,j+r it 
suffices to show that tn,j <p,,, . Since u,,] also starts out positive and has (at most) 
one change of direction, to show that tn,j <Pn,j, it suffices to show that U,,j< h,j 
on (0,l). But 
h,j(p)-u,,j(p)=(n-j- l)[l +p+p’+ 1.. +pj-*]+(n-2j-2)pj-‘, 
By the law of signs again, hn,j - Un,j can have at most one positive root. But 
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h,j(O)-u,,j(O)=n-j- l>O and h,j(l)-~,j(l)=j(n-j- 1)-(j+ 1). Thus, if 
n>j+3 then h,j(l)-M,j(l)Zj- l>O and hence Pn,j<Pn,j+i. 
Thus it remains to show that pn,n_2 <P,,~_, and for this we will use a direct 
argument. Since h, n _ 2 and h,._, start out positive and have at most one change 
of direction, it suffices to show that h,._ I (p,,._,) > 0. To simplify the notation, 
let ~=p,,~-~. Then h,,,_,(p)=0 gives 
2+3p+4p2+ ..~+(n-3)p”-5=+(n-3)(n-2)p”P4+(n-3)(n-2)p”-3. 
Now, 
h +(~)=1+2~+3~2+ ... +(n-3)p”-4-3(A3n+4)pn-3 
+[2+3p+4p2+ ... +(n-3)p”+‘] 
+(n-3)pnm4-+(n2-3n+4)pnP3 
=$(n-3)(n-2)pnP4++(n-3)(n-2)~“~~ 
+(n-3)pnm4-+(n2-3n+4)pnP3 
=$@~-3)(n+2)p”~~-((n-l)p”-~ 
2 $(n2 -5n-2)p”V 
Therefore, if nr6, hn,n_l(pn,n_2)>0 and hence ~~,“_~<p,,~-~. Finally, it 
follows by direct computation that ~,,~<p~,~ (see Table 1). q 
Theorem 4.1 now follows from Lemmas 4.3 and 4.4. Indeed, if 3 <j<n, then 
G,j is optimal over the class VZ,,. on the interval (p,,,_ l,pn,j) (where by conven- 
tion, p,,, 2 = 0 and p,,, ,, = 1). Note that the results are consistent with the general 
theory summarized in the introduction. When p is near 0 the optimal graph is G, s, 
the unicyclic graph with the greatest number of paths on three vertices. When p is 
near 1 the optimal graph is G,., the unicyclic graph with the greatest edge connec- 
tivity. Note also that for 3 Qs~ - 1, G,,j+r can be obtained from G,j by swit- 
ching a single edge. Table 1 gives approximations to the first few values of Pn,j. 
Incidentally, Myrvold [8] has shown that with respect to gfobal reliability, G,,j+, 
is uniformly better than G,j. 
Table 1: Approximate values of ,D~,, 
j P4. I P5.l P6. I Pl. I 
3 0.434 0.457 0.560 0.613 
4 0.547 0.681 0.739 
5 0.710 0.789 
6 0.801 
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5. Limiting behavior 
The purpose of this section is to study the limiting behavior of p,,; (and hence 
the intervals of optimality of G,j) as n + 03. The main results are summarized in 
Theorem 5.1; the proof is contained in the lemmas. 
Theorem 5.1. For fixed j, the interval of optimality of G,j converges to an interval 
of length strictly between 0 and 1 as n --f 03. For fixed k, the length of the interval 
of optimality of G,,._k converges to 0 as n + 00. 
Lemma 5.2. For fixed j, pn,j increases with n. 
Proof. Note from (6) that 
h,,,j = nrj - sj 
where 
rj(P)= 1 +p+p2f ... +pjP2-jpjml, (7) 
sj(p)=j+(j-l)p+(j-2)p2+ ... +3pj-3 
++(j2+j+4)pj-2-j(j+ l)pjpl. (8) 
Thusp,j is the unique value ofp E (0,l) satisfying Sj(p) = nrj(p). Note that rj(O) = 1 
and r,(l) = - 1 so that rj has a root in (0,l). By the law of signs, the root is unique; 
we will denote it by pJ . Since rj> 0 on (0,~~)~ it follows that (n + l)rJ > nrj on 
(0,~~). Next note from (7) and (8) that 
s,(p)-rj(p)=(j- l)+(j-2)p+ **f +2pjm3 
+~(j2+j+2)~J-2-j2~j-l 
But sj(0)-rj(O)=j-l>O and s,(l)-rj(l)=O SO by the law of signs, Sj>rj on 
(0,l). Finally note that nrj(O)>Sj(O) SO it follows that the graph of sJ must cross 
the graph of nr, before it crosses the graph of (n + 1)rj. Hence pn,j<pn+ l,j. 0 
Lemma5.3. Forj13,p,,+pjasn -+ w where pi is the unique root in (0,l) of the 
polynomial rj defined in (7). 
Proof. For fixed jh 3, Pn,j is increasing in n by Lemma 5.2 and is bounded in n. 
Thus, lim, _ m P,,~ exits in (0, 11; we denote the limit by Qj. NOW 
O=~h,j(~,,j)=rj(~n,j)-~sj(Pn,j). 
But Sj is bounded on (0,l) SO (l/n)sj(p,j) + 0 as n + 03. Therefore rj(Pn,j) -+ 0 as 
n --t 00. But rj is continuous SO rj(ej) = 0 and therefore by uniqueness, ej =Pj. 0 
Lemma 5.4. pJ increases to 1 as j 4 w. 
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Proof. From (7), 
and therefore rj + 1 > rj on (0,l). Since rj and rj+ 1 start out positive and have unique 
roots in (0, l), it follows that Pj+, >Pj. Since Pj is bounded inj by 1, it follows that 
limj, m Pj exists; we denote the limit by Q. Suppose that Q< 1. The polynomial rj 
can be rewritten as 
rj(p) =L2!$-jpj-~. 
Butp,rQ<l sop!-’ 
J J 
+ 0 and j$ ’ -+ 0 as j --f 00. Therefore substituting p ‘Pi into 
(9), using rj(pj)=O, and lettkg j + 03 we get the contradiction l/(1 -Q) = 0. 
Therefore Q = 1. 0 
Approximations to the first few values of pJ are given in Table 2. 
Lemma 5.5. For fixed kz 0, P,,~ _ k increases to 1 as n -+ 03. 
Proof. Since Pn,j increases in n for fixed j and increases in j for fixed n, it follows 
immediately that P,,~_~ increases in n for fixed k. The sequence is bounded in n by 
1 and therefore lim,,, p,,N_k exists; we denote the limit by ~3~. Suppose that 
ak< 1. From the expression for f,,j in Lemma 4.2, we can write &_k as follows: 
g,,n-k(P) = P2 l;~~k-(n-~+‘)(l_p)p~~~ 
+(k-1)p2+[1-k(n-k+l)]p”-k+1 
+ (n - k)(k- l)pnmkf2. (10) 
Since p,,n-k- k ~6 ~1, it follows that for fixed k, p:,;kk+O, np&!,-+O and 
n2p,“,kk+0 as n+o3. Therefore, substituting p=~“,~+k into (lo), using 
gn,n_k(p,,npk) = 0, and letting n -+ CO we get the contradiction 
2 
-&+(k- l&=0. 
k 
Therefore ak = 1. 0 
Table 2: Approximate values of p; 
i PI 
3 0.768 
4 0.869 
5 0.916 
6 0.942 
7 0.958 
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Theorem 5.1 now follows. Indeed, as n -+ 03 and for fixed j, the interval of op- 
timality of G,j converges to (pj_ i,pj) (where by convention p2 = 0). In particular, 
note that for large n, G,3 is optimal on over three-fourths of the interval of p- 
values. On the other hand, as n -+ 03 and for fixed k, the length of the interval of 
optimality of G,,U_k converges to 0. In particular, this means that for large n, the 
optimal unicyclic graph is unstable when p is near 1; a small change in p may change 
the optimal graph. This is important in applications where the main interest is in 
values of p near 1 and where the value of p is not known exactly but must be 
estimated from empirical data. 
The analysis given in this paper for unicyclic graphs raises many questions about 
the optimal graphs for the general class gn,,. Is there always a cluster of optimal 
graphs when p is near 1, each such graph optimal on a small subinterval? Is the 
graph which is optimal when p is near 0 always optimal on a relatively large 
subinterval? Can two graphs which are optimal on successive subintervals be obtain- 
ed from each other by a single edge switch? 
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